Exercises related to Stochastic Integration

Ex. I:
Show that the solutions of the SDE:

1
AX = e Xdt+ XA with X(0) = o M

blow up at finite random time.

Hint: Study the process Y := eX.

Ex. 2:
Let W = (W, W - - - W) be a d-dimensional Brownian motion.

1/2
Show that the stochastic process R = (Z?Zl (Wl)2> has the stochastic differential:

dt 2

d WidW; | d—1
R=2."F *

Hint: Multi-dimensional Ito’s formula for u(z1, za..., 24) := (35, 2)1/2

Ex. 3: .
aw
Show that X; := (1 —t) / (Z) solves
o 1—
dX = 1fdt +dW with X(0) =0 for ¢ € [0,1] 3)

Show that Xt Y W, — tW3, that is X} is a Brownian bridge.

X

Hint: Ito’s formula for Y := T—3

Ex. 4: Exit times statistics from the backward equation.
Let X; be a (1D) stochastic process with stochastic differential dX; = F'dt + GdW. We assume that F' and G are
time-independent.

(i)Assuming that ' and G are time-independent, show that the transition probabilities are invariant by time-
translations: p(x,t + 7|xg, to + 7) = p(x, t|xo, to)

(ii) Let xo €]a; b[ and
T(zg) := inf {t > 0; X (t|xo) & |a;b[}
Suppose p,(x, t|zg,to) solves the backward Kolmogorov equation with the non-entering conditions: pg(z,t|a,ty) =
pa(x,t|b, to) = 0. Argue that

o b
(1(z0)?) :p/ tPTIN(t)dt with N(t) ::/ dxp(x,t|zo,0)
0 a
(iii) Using formal caculations, show that (7(z()P) solves:

L(7(x0)?) = —p <T(Q?0)p71> with boundary conditions (7(a)?) = (7(b)P) = 0.
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EXERCISES RELATED TO STOCHASTIC INTEGRATION

Ex. 5: Kramer’s problem.
Consider the (1D) (overdamped) Langevin dynamics in a double-well potential:

dXy = —U'(Xy)dt + V2kdW with U(z) := A(z® —1)*and A > 0

(i) Suppose that £ = 0. Show that —1 and +1 are stable equilibria and O is an unstable equilibrium point.
(ii) Suppose now x > 0. Show that pg ~ e~ BU is the equilibrium distribution, provided x = 57!,
(iii) Let 7(x0) = inf {¢t > 0 : X (t|zo) = 0}. Show that (7(z)) solves the PDE:

g1V, (e‘ﬁU&ng) = —1 with boundary conditions ¢'(—o0) = ¢(0) = 0.

(iv) Show that in the limit 5 — oo, the average time a particle stays on a given well is 7 ~ 7e”2 /(2A/2).




