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Turbulence
• In a turbulent flow, the fluid velocity fluctuates randomly from point to 

point and from time to time.

What is the nature of the 
fluctuations? And why?

�vr = [~v(~x+ ~r)� ~v(~x)] · r̂• Longitudinal velocity Increments:
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Turbulence: “Skewness” 

1. Asymmetric distributions at short scales.

• Kolmogorov’s 4/5 law : h(�rv)3i = �4

5
"r

<latexit sha1_base64="Jow1TMY34c48tssjp4GJKnaBRl4="></latexit><latexit sha1_base64="Jow1TMY34c48tssjp4GJKnaBRl4="></latexit><latexit sha1_base64="Jow1TMY34c48tssjp4GJKnaBRl4="></latexit><latexit sha1_base64="Jow1TMY34c48tssjp4GJKnaBRl4="></latexit>

(negative skewness)

• But why is that?

• Typical “answers”: ‘time-reversal symmetry breaking’, ‘vortex stretching’.
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2. Scale dependent distributions. 

Gaussian

Heavy tails

Turbulence: “Intermittency” 

• Large-scale distributions are Gaussian. 
• But short-scales are NOT?
• Why is that?
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3. Tails decay slower than Gaussian

Turbulence: “Nature of Heavy Tails” 

p(�v) ⇠ exp [�a(�u)m]

stretched exponential

Kailasnath et al., PRL (1992),

or
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Let us now come to our main physical example, namely,
fully developed turbulence. Let u in Eq. (13) represent a
local velocity difference in a fully developed turbulent flow
as measured on a certain scale r. The parameter b :!
g!s2 of the SDE is an unknown function of the energy
dissipation in the flow. Let us consider a model, where

b !
g

s2 ! ertL . (25)

Here er is the (fluctuating) energy dissipation rate averaged
over r3, and t is a typical time scale during which energy is
transferred. L is a constant with dimension length4!time4;
its value is irrelevant for the following. Both er and t can
fluctuate, and we assume that b " ert is x2 distributed.
For power-law friction forces, the SDE (13) generates the
stationary pdf (15). In Fig. 1 this theoretical distribution is
compared with experimental measurements in two turbu-
lence experiments, performed on two very different scales.
All distributions have been rescaled to variance 1. Appar-
ently, there is very good coincidence between experimen-
tal and theoretical curves, thus indicating that our simple
model assumptions are a good approximation of the true
turbulent statistics.

Generally, for a turbulent flow the averaged energy dis-
sipation rate er# "x, t$ in a volume V of size r3 is defined as

er #"x, t$ !
1
r3

Z

V
e#"x 1 "r 0, t$ d3r 0, (26)

where

e#"x, t$ !
1
2

n
X

i,j

µ

≠yi

≠xj
1

≠yj

≠xi

∂2

(27)
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FIG. 1. Histogram of longitudinal velocity differences as mea-
sured by Swinney et al. [13,18] in a turbulent Couette-Taylor
flow with Reynolds number Rl ! 262 at scale r ! 116h (solid
line), where h is the Kolmogorov length. The experimental data
are very well fitted by the analytic formula (15) with q ! 1.10
and a ! 0.90 (dashed line). The square data points are a his-
togram of the acceleration (! velocity difference on a very small
time scale) of a Lagrangian test particle as measured by Boden-
schatz et al. for Rl ! 200 [19]. These data are well fitted by
(15) with q ! 1.49 and a ! 0.92 (dotted line).

is the instantaneous dissipation, n is the kinematic viscos-
ity, and yi is the velocity fluctuation in i direction. The
physical idea of considering the SDE (13) with b " ert
is that a test particle in the turbulent flow moves for a while
in a certain region with a given er , then moves to another
region with another er , and so on. The average strengths
of the effective friction and chaotic driving forces vary in
the various regions of the liquid and are effectively mod-
eled by the fluctuating b.

The larger the volume V over which e is averaged, the
more independent events will contribute to the fluctuations
of b " ert. Hence n, according to Eq. (3), is expected
to be larger at larger scales r, which means according to
Eq. (17) that q is closer to 1. This is indeed confirmed
by turbulence experiments, where q#r$ is observed to de-
crease with increasing r in a monotonous way [see [13]
for precision measurements of q#r$].

At the smallest scale, the Kolmogorov length scale h !
#n3!e$1!4, one has

b ! ethL ! #en$1!2L ! #uh$2L , (28)

where th :! #n!e$1!2 denotes the Kolmogorov time and
uh :! h!th ! #ne$1!4 is the Kolmogorov velocity (see,
e.g., [20]). If e fluctuates, then all these quantities fluc-
tuate as well. It is now reasonable to assume that there
are three independently fluctuating Kolmogorov velocities

ui
h, i ! 1, 2, 3 such that uh ! j "uhj !

q
P3

i!1#ui
h$2. The

three components ui
h describe the flow of energy into the

three different space directions. The simplest model as-
sumption is that these Kolmogorov velocities are Gaussian
with average zero. This means we identify Xi !

p
L ui

h in
Eq. (3). Hence at the smallest scale the three space dimen-
sions lead to n ! 3 or, using Eq. (17), q % 3

2 if a % 1.
This is indeed confirmed by the fit of the small-scale data
of the Bodenschatz group in Fig. 1, yielding q ! 1.49 and
an a as given by Eq. (17).

It is interesting to see that this approach allows us to
view the fluctuations of e at the Kolmogorov scale in terms
of a (hypothetical) ordinary Brownian particle of mass M
that is subjected to ordinary thermal noise of temperature
T . Its fluctuating velocity "V coincides with the fluctuating
vector "uh of Kolmogorov velocities. This (constructed)
Brownian particle just absorbs the turbulent energy flow at
the Kolmogorov scale. It bridges the gap between thermal
and macroscopic description. According to the standard
Ornstein-Uhlenbeck theory, equipartition of energy yields

1
2 M&#u1

h$2' ! 1
2kT , (29)

which, using Eq. (28), can be written as

M !
3kT

n1!2&e1!2'
. (30)

In conclusion, our approach yields a dynamical reason
for the validity of Tsallis statistics for systems with a fluc-
tuating energy dissipation rate (or, in general, fluctuating

180601-3 180601-3

power law

Beck, PRL (2001),

p(�v) ⇠ 1

[1 + a(q � 1)(�u)2]1/(q�1)

?
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Origins of non-Gaussian Behaviour

• Separation of time scales: the particle velocity fluctuates much more 
rapidly than its environment (‘energy reservoir’).

• Local quasi-equilibrium: velocity increments during short times are 
Gaussian distributed.

p(�vr|") =
1p
2⇡"

exp


� (�vr)2

2"

�

1

7. Basics of Turbulent Flow
Whether a flow is laminar or turbulent depends of the relative importance of fluid friction
(viscosity) and flow inertia.  The ratio of inertial to viscous forces is the Reynolds number.
Given the characteristic velocity scale, U, and length scale, L, for a system, the Reynolds
number is Re = UL/ν, where ν is the kinematic viscosity of the fluid.  For most surface
water systems the characteristic length scale is the basin-scale.  Because this scale is
typically large (1 m to 100's km), most surface water systems are turbulent.  In contrast, the
characteristic length scale for groundwater systems is the pore scale, which is typically quite
small (< 1 mm), and groundwater flow is nearly always laminar.

The characteristic length-scale for a channel of width w and depth h is the hydraulic
radius, Rh = wh/P, where P is the wetted perimeter.  For an open channel P = (2h + w) and
for a closed conduit P = 2(h+w).  As a general rule, open channel flow is laminar if the
Reynolds number defined by the hydraulic radius, Re = URh/ν is less than 500.  As the
Reynolds number increases above this limit burst of turbulent appear intermittently in the
flow.  As Re increases the frequency and duration of the turbulent bursts also increases
until Re > O(1000), at which point the turbulence is fully persistent.  If the conduit
boundary is rough, the transition to fully turbulent flow can occur at lower Reynolds
numbers.  Alternatively, laminar conditions can persist to higher Reynolds numbers if the
conduit is smooth and inlet conditions are carefully designed.

Figure  1.  Tracer transport in laminar and turbulent flow.  The straight, parallel black lines
are streamlines, which are everywhere parallel to the mean flow.  In laminar flow the fluid
particles follow the streamlines exactly, as shown by the linear dye trace in the laminar region.
In turbulent flow eddies of many sizes are superimposed onto the mean flow.  When dye
enters the turbulent region it traces a path dictated by both the mean flow (streamlines) and
the eddies.  Larger eddies carry the dye laterally across streamlines.  Smaller eddies create
smaller scale stirring that causes the dye filament to spread (diffuse).

": rate of energy transfer
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Compounding or Superstatistics

• The marginal distribution is a mixture of Gaussians:

• Mixing distributions: 
i) Gamma distribution (Andrews et al., PoF, 1989). 
ii) Log-normal distribution (Castaing et al., Physica D, 1990). 
iii) Inverse-gamma distribution (Beck, PRL, 2001).

• Drawbacks: 
i) Adhoc choice of the mixing distribution. 
ii) Symmetric distributions (zero skewness).

p(�v) =

Z 1

0
P (�vr|")f(")d" =

1p
2⇡

Z 1

0

1p
"
exp


� (�v)2

2"

�
f(")d"
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Origin of Skewness

• Our Model: Conditional distribution is a non-centered Gaussian

• Superposition of Gaussian with nonzero mean leads to non-Gaussian 
distributions:

P (�vr|✏r) =
1q

2⇡�2
�vr|✏r

exp

"
� (�vr � h�vr|✏ri)2

2�2
�vr|✏r

#

P (�vr) =

Z 1

0
P (�vr|✏r)f(✏r)d✏r
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Model Prescriptions for Mean and Variance

• The variance is a proxy measure for the energy flux:

�2
�v`|"` = "`

• Mean-variance relation:

h�vr|"`i = µ ("` � h✏`i)

• This guarantees that h�vri = 0, since

h�vri = E[h�vr|"`i] = µ (h"`i � h✏`i) = 0,

regardless of the choice of f(").
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Marginal Distribution of Velocity Increments

• The marginal distribution is then given by

P (�vr) =

Z 1

0

1p
2⇡"`

exp

"
� (�vr � µ("` � ✏0))

2

2"`

#
f("`)d"`

• Separation of scales: ` � r, but ` is not known a priori—it must be

determined from the velocity data!

• Stochastic hierarchical model for f("`): we introduced a general class

of distributions that ‘interpolates’ between gamma and inverse-gamma.
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Kolmogorov’s Models of Energy Cascade

Smaller Scale

Large Scale  (Injection)

Smaller Scale

Smallest scale

Dissipation

 ...

(...)

A. N. Kolmogorov

εn : rate of energy transfer at n-th level of the cascade

If εn is constant  ⇒  velocity fluctuations are Gaussian (K41)

Energy fluxes 
between scales

9
>>>>=

>>>>;

Intermittency (K62): εn fluctuates with a log-normal distribution.
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Generalized Hierarchical Model

• The hierarchical dynamical model is of the form

d"i = ��i ("i � "i�1)

✓
1 + ↵2 "i�1

"i

◆
dt+ i

p
"i"i�1dWi,

where

2
i

�i
= �

• The model has only two free parameters: ↵ and �.

• Consider first ↵ = 0:

d"i = ��i ("i � "i�1) dt+ i
p
"i"i�1dWi

• We then have energy conservation in the cascade:

h"i(t)i = "0, t ! 1
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Generalized Hierarchical Model

Smaller Scale

Large Scale  (Injection)

Smaller Scale

Smallest scale

Dissipation

 ...

(...)

• Suppose now ↵ 6= 0.

• In this case we can show that

h"ii
h"i�1i

= 1� ↵2 < 1, as ↵ ! 0.

• Hence there is a residual dissipation, since h"ii < h"i�1i, meaning that
energy leaving scale i is less than the energy entering it.
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Generalized Inverse Gaussian

• Consider the full model:

d"i = ��i ("i � "i�1)

✓
1 + ↵2 "i�1

"i

◆
dt+ i

p
"i"i�1dWi,

• Separation of time scale: �N � �N�1 � ... � �1.

• At each scale i, freeze "i�1 and solve the stationary Fokker-Planck equation
for f("i|"i�1).

• One finds that f("i|"i�1) is the Generalized Inverse Gaussian:

f("i|"i�1) =
("i/"i�1)

p�1

2"i�1↵pKp(!)
exp

✓
� �"i
"i�1

� �↵2"i�1

"i

◆

where p = �(1� ↵2) and ! = 2↵�.
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Background Distribution

• The distribution f("N ) at the smallest scale is

fN ("N ) =

Z 1

0
...

Z 1

0
f("N |"N�1)

N�1Y

i=1

[f("i|"i�1)d"i]

• The integral can be written in terms of a new class of special functions:

f("N ) =

1

"0 [↵Kp(!)]
N RN,0

0,N

✓
�

(p� 1,!/2)

�����
N "N

"0

◆
,

where Rm,n
p,q is the R-function (the ‘Recife’ function).
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The R-Function
• The Meijer G-function is defined through its Mellin-Barnes transform:

G

m,n
p,q

✓
a1, . . . , ap

b1, . . . , bq

���� x
◆

=

1

2⇡i

Z

L

Qm
j=1 �(bj + s)

Qn
j=1 �(1� aj � s)

Qp
j=n+1 �(aj + s)

Qq
j=m+1 �(1� bj � s)

x

�s
ds

• The R-function is a generalization of the G-function:

R

m,n
p,q

✓
a1, . . . , ap

b1, . . . , bq

���� x
◆

=

1

2⇡i

Z

�

mY

j=1

B

s
jKbj+s(2Bj)

nY

k=1

A

�s
k K1�ak�s(2Ak)

pY

k=n+1

A

s
kKak+s(2Ak)

qY

j=m+1

B

�s
j K1�bj�s(2Bj)

x

�s
ds

• In the limit Aj ! 0 and Bj ! 0, we have R

m,n
p,q ! G

m,n
p,q .
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Velocity Distribution

• The marginal distribution of velocity increments is also obtained exactly:

P (�vr) =

Z 1

0

1p
2⇡"`

exp

"
� (�vr � µ("` � "0))

2

2"`

#
f("`)d"`

/
Z 1

0
"`

�1/2
exp

"
� (�vr � µ("` � "0))

2

2"`

#
RN,0

0,N

✓
�

(↵� 1,!/2)

����¯�
"`
"0

◆
d"`

/ RN+1,0
0,N+1

✓
[(0,↵� 1

2 ), [(
|µy|
2 , !

2 )]

�

����
¯�y2

2"0

◆
,

where

y = �vr + µh"ri
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Asymptotic Behavior: Heavy Tails

• The asymptotic behaviour displays non-Gaussian tails:

⇠ |y|✓ exp
"
��N

✓
y

"0|µ|

◆1/N
#
⇥

8
<

:

1 for �vr ! �1

e�2|µ|y
for �vr ! +1

with ✓ = p+ 1/(2N)� 3/2.

• The distribution has a modified stretched exponential in the left tail

and an exponential decay in the right tail.
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Data Analysis

• Generating the variance series:

{ϵ 1, ϵ 2, ϵ 3, ϵ 5, ϵ 6, ϵ 7, ϵ 8, ϵ 9, ϵ 10, … }

{ x1,  x2,  x3, x4, ..., xM-1, xM, xM+1, xM+2, xM+3, ..., xN } Increments series 

Variances series 

Velocity increments series

Variance estimator in box of size M

Velocity increments average in each box. 

So on 
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2121

Optimal Window Size

• Choose M and µ such that the compounding of the empirical distribu-

tion of {✏(k)} with the non-centered Gaussian best fits the distribution of

velocity increments.

M=19

P (�vr) =

Z 1

0
P (�vr|✏)f(✏)d✏ ⇡

1

NM

NMX

i=1

1p
2⇡✏i

exp

(
� [�vr � µ (✏i � h✏i)]2

2✏i

)

N = 4 scales
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Comparison with DNS Data 

• The conditional distribution is well described by a Gaussian:

• The conditional variance is indeed linear in the energy flux. 

• The conditional mean, however, is only approximately linear.

• The important point is that the conditional mean decreases from 
positive to negative as the rate of energy transfer increases.
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Origin of Skewness
3

By denoting f("N ) ⌘ f("`) in Eq. (1), the large sepa-
ration of time scales allows to write

f("N ) =

Z 1

0
...

Z 1

0
f("N |"N�1)

N�1Y

i=1

[f("i|"i�1)d"i].

(5)
Remarkably, these integrals can be performed exactly
with the use of Eq. (4) yielding

f("N ) =
1

"0 [↵Kp(!)]
N R

N,0
0,N

✓
�

(p� 1,!/2)

�����
N "N

"0

◆
,

(6)
where p ⌘ (p, ..., p) and ! ⌘ (!, ...,!). As detailed in
the Supplemental Material [23], the newly defined special
function R

m,n
p,q in Eq. (6) can be viewed as a generaliza-

tion of the Meijer-G function G

m,n
p,q , in which the gamma

functions �(⌫) are essentially replaced by the Bessel func-
tions K⌫(x) in the Mellin transform [27].

Finally, by substituting Eqs. (2) and (6) into (1) and
using some properties of the R-functions [23], we obtain

PN (�vr) = cR

N+1,0
0,N+1

✓
[(0,p� 1

2 ), [(
|µy|
2 ,

!
2 )]

�

����
�

N
y

2

2"0

◆
,

(7)
with y = �vr + µh"N i and c =
(2/⇡"0↵N )1/2eµy/[Kp(!)]N . We notice that the
single scale case, N = 1 in Eq. (7), corresponds to
the generalized hyperbolic distribution, which has been
applied [28] in the analysis of turbulent velocity incre-
ments. It seems, however, that the N > 1 multiscale
scenario has not been considered before in the literature.
We highlight that PN (�vr) given by Eq. (7) is negatively
skewed for µ < 0, whereas for µ = 0 a symmetric
(non-skewed) distribution is obtained.

The large-|�vr| behavior of PN (�vr) evidences the pres-
ence of non-Gaussian tails. Indeed, for N > 1 and nega-
tive asymmetry, µ < 0, we obtain

PN (�vr) ⇠ |y|✓ exp
"
��N

✓
y

"0|µ|

◆1/N
#
g(�vr), (8)

with ✓ = p + 1/(2N) � 3/2, where g(�vr) = 1 for
�vr ! �1 and g(�vr) = e

�2|µ|y for �vr ! +1.
The negatively skewed marginal distribution displays an
asymptotic behavior to the right (�vr ! +1) with ex-
ponential decay, while the left tail is heavier, in the form
of a modified stretched exponential. In contrast, for
N = 1 modified exponential tails emerge on both sides:
PN=1(�vr) ⇠ z

p�1
e

µy�z, where  =
p

µ

2 + 2�/"0 and

z =
p
y

2 + 2↵2
�"0 for �vr ! ±1. Stretched exponen-

tials have for long been used to fit turbulence data [5]
despite the lack of a theoretical basis for this. Our model
thus provides a reasonable physical framework for the
emergence of such heavy tailed distributions.

Data analysis. We now describe how to apply the
above formalism to the data analysis of turbulent flows.
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FIG. 1. Conditional distribution of velocity increments for
DNS turbulence data of a system of size 10243 and Reynolds
number Re� ⇡ 433 [33]. Distinct distributions obtained for
the optimal window size M = 19 have been rescaled and
shifted to have the same mean (zero) and variance (unity). A
nice agreement is observed with a Gaussian of zero mean and
unity variance (dashed line). Insets show the mean h�vr|✏N i
(top) and variance �2 = h(�vr|✏N )2i � h�vr|✏N i2 (bottom) of
the empirical distributions as a function of ✏N .

Consider a large dataset {�vr(j)} of longitudinal ve-
locity increments, with j = 1, ..., Nv. As a first step,
we need to determine the optimal window size M over
which the variance of �vr(j) is supposed to remain ap-
proximately constant. By dividing the original series
into overlapping intervals of size M , we define [12, 29]
an estimator of the local variance for each interval as
✏(k) =

PM
j=1[�v(k � j) � �v(k)]2/M , where �v(k) =

PM
j=1 �v(k�j)/M , with k = M, ..., Nv. We take the vari-

ance over a region of size ` = Mr as a proxy measure for
the energy transfer rate [7, 18, 19]. For various choices of
M and varying the asymmetry parameter µ for each M ,
we numerically compound the empirical distribution of
the variance series {✏(k)} with the Gaussian given in (2),
and select the optimal parameters M and µ for which
the compounding integral (1) best fits the distribution
of velocity increments computed from the original data.
(See, e.g., [30–32] for other methods to estimate the op-
timal window size for the variance series in the case of
superposition of Gaussians with zero mean.)

Once M is determined, we can estimate the number N
of scales in the cascade by N = log2(L/`) = log2(L/Mr),
where L is the integral scale; see the discussion preced-
ing Eq. (3). After obtaining the variance series {✏N (k)},
we fit the empirical distribution f(✏N ) to Eq. (6) to de-
termine ↵ and �. Finally, the theoretical distribution of
velocity increments PN (�vr) is computed by inserting the
parameters in (7) (see the Supplemental Material [23] for
further details).

Let us now apply this procedure to the analysis of

• The emergence of skewness ultimately lies in the intermittency of the

energy dissipation rate.

• In regions of small (large) " the fluid particle is more likely to accelerate

(decelerate) from one point to the next, resulting in a positive (negative)

local average h�vr|"i.

• For long times h�vri = 0, but the skewness is negative.



2424

Comparison with DNS Data
• DNS with 10243 points:

Re� ⇡ 418

Fitting is done here!

Here is just a plot with the 
parameters from below.
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FIG. 2. (a) Distribution of velocity increments and (b) back-
ground density of local variances for the DNS data of Fig. 1
(circles). The excellent fits to the theoretical results (red
lines), Eqs. (5) and (7), are shown for N = 4 scales. For
comparison, the case with N = 1 (single scale) is also plotted
(green lines), displaying much poorer fits. Inset: nice agree-
ment of the empirical distribution of velocity increments (cir-
cles) and the compounding integral (blue line), Eq. (1), of the
Gaussian (2) and f(✏N ) from the DNS data.

isotropic turbulence data [33] generated by the direct
numerical simulation (DNS) of the Navier-Stokes equa-
tions for a system with 10243 lattice points in a periodic
cube and Taylor-based Reynolds number Re� ⇡ 433. The
dataset was obtained from the Johns Hopkins University
turbulence research group’s database [33]. The simula-
tion spans five large eddy turnover times, from which we
considered ⇡ 3⇥ 108 points for our statistics.

In Fig. 1 we show that the empirical conditional dis-
tribution P (�vr|✏N ) obtained for M = 19 is indeed well
described [34] by the asymmetric Gaussian (2), with the
upper (lower) inset displaying the conditional mean (vari-
ance). Although the behavior of h�vr|✏N i vs. ✏N is only
approximately linear, probably indicating that the vari-
ance ✏N is just an approximate measure of the energy
transfer rate, the important point to note is that h�vr|✏N i
decreases from a positive value to a negative one as ✏N

increases, thus implying µ < 0. A similar trend has been
observed before [7, 18, 35]. However, this is the first time
that such ‘local behavior’ is mathematically linked to
both the ‘global asymmetry’ and the non-Gaussian tails
of the velocity increments distribution; see the role of µ
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FIG. 3. Distribution of velocity increments (main panel) and
background density (inset) for a system with 40963 points and
Reynolds number Re� ⇡ 600 [37]. The best fit of the DNS
data (circles) to the theoretical model (red lines) occurs for
N = 5 scales. A poor fit is noticed in green lines for N = 1.

in Eqs. (7) and (8). (A link between intermittency and
skewness has also been recently found in a phenomeno-
logical stochastic model of turbulence [36].)
By applying the above procedure we obtain µ = �1.82

andM = 19 (yielding h✏N i = 1.09⇥10�3), which leads to
the nice agreement in the inset of Fig. 2(b) between the
numerical compounding (solid line) of the Gaussian (2)
with the empirical f(✏N ), see Eq. (1), and the velocity
increments distribution from the DNS data (circles). We
obtain from [33] that the smallest resolved scale is r ⇡
2.14⌘, where ⌘ denotes the Kolmogorov scale, with L =
224r as the integral scale, henceN = log2(224r/19r) ⇡ 4.
We further note that the scale ` belongs to the inertial
range, since ` ⇡ 40.7⌘ nearly coincides with the Taylor
scale � ⇡ 41.1⌘ [33], thus confirming the separation of
scales anticipated in the discussion of Eq. (1).
Figure 2(a) and the main panel of Fig. 2(b) display, re-

spectively, the marginal distribution PN (�vr) and back-
ground density f(✏N ) for N = 4. The theoretical results
are shown in solid lines and the empirical data are de-
picted in circles, with excellent agreement observed in
both PN (�vr) and f(✏N ). The best fit parameters are
↵ = 0.17 and � = 2.72. For comparison, we also plot
the best fit using N = 1 (single scale), which clearly does
not perform so well as the one with N = 4. This result
evidences that this DNS dataset cannot be properly de-
scribed with only a single scale. (We also confirmed that
the N = 4 case produces a better fit than N = 2, 3, 5.)
We stress that no curve fitting was performed in

Fig. 2(a). As prescribed above, the fit was done only in
the main panel of Fig. 2(b) to obtain ↵ and � entering the
density f(✏N ). Next, PN (�vr) was simply plotted using
Eq. (7). Thus, the nice agreement exhibited for N = 4
in Fig. 2(a) using the same parameters determined from
Fig. 2(b) attests the method’s self-consistency.

We now turn to analyze more recent turbulence
data [37] from the DNS of the Navier-Stokes equations for
a larger system with 40963 points and higher Re� ⇡ 600.
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Comparison with DNS Data

• DNS with 40963 points:

Re� ⇡ 610

N = 5 scales
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Conclusions

● H-Theory: unified description of fluctuating phenomena with  
                     asymmetric non-Gaussian tails. 

● Analytical expressions for all probability distributions. 

● Wide range of applications:  
◦ Turbulence  
◦ Financial markets 
◦ Random Lasers  
◦ Quantum systems 
◦ Anomalous diffusion 
◦ Relativistic gas 
◦ Other systems (?) 

● Future work: investigation of the model for different scales r and Re. 

✓
✓

✓
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Stochastic dynamical model of intermittency in fully developed turbulence
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A model of intermittency is presented in which the dynamics of the rates of energy transfer between
successive steps in the energy cascade is described by a hierarchy of stochastic differential equations. The
probability distribution of velocity increments is calculated explicitly and expressed in terms of generalized
hypergeometric functions of the type nF0, which exhibit power-law tails. The model predictions are found to be
in good agreement with experiments on a low temperature gaseous helium jet. It is argued that distributions
based on the functions nF0 might be relevant also for other physical systems with multiscale dynamics.
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Our current understanding of fully developed turbulence
rests upon two main pillars, namely, the energy cascade,
whereby energy is transferred from coarser-scaled structures
to the finer, and the phenomenon of intermittency, which
results from the fluctuations of the rate of energy transfer. Yet
combining these two ingredients into a physically coherent
model remains an elusive task. In his 1941 theory !K41",
Kolmogorov #1$ assumed a constant rate of energy dissipa-
tion, which implies Gaussian statistics for the velocity incre-
ments, in disagreement with experiments that show heavy-
tailed distributions at small scales. The lognormal model of
intermittency proposed by Kolmogorov #2$ in his refined
theory based on earlier work by Obukhov #3$, although in
somewhat good agreement with experimental data, has been
criticized under several grounds #4,5$. Several other models
of intermittency have been discussed in the literature #5–14$,
none of which has been found to be fully satisfactory either
with respect to their physical basis or in comparison with
experimental data #15$.

In this paper we present a model of intermittency where
the fluctuating dynamics of the rates of energy transfer be-
tween successive steps in the energy cascade is described by
a hierarchy of stochastic differential equations. Under certain
reasonable assumptions, an integral expression for the sta-
tionary probability density function !PDF", p!!r", of the en-
ergy flux !r at a given scale r is obtained. From the knowl-
edge of p!!r", the PDF of the velocity increments is then
calculated and expressed in closed form in terms of general-
ized hypergeometric functions of the type nF0, which exhibit
power-law tails. The model predictions are shown to be in
excellent agreement with data from experiments on a turbu-
lent gaseous helium jet for several values of the Reynolds
number. It is also argued that the distributions presented here
for the first time are likely to find applications in other physi-
cal systems with multiscale dynamics.

According to the energy-cascade picture of turbulence,
energy is injected at the integral scale L and transferred to
smaller scales through a hierarchy of eddies of decreasing
size, until it is dissipated by viscous effects at the Kolmo-

gorov length scale ". Let us then denote by !n the rate of
energy !per unit mass" transferred to the scale r=L /bn from
the scale L /bn−1, where b#1. !Typically, one sets b=2 but
this is not necessary for our analysis." Because the energy
flux !n!t" is a fluctuating quantity we seek here to describe its
dynamics in terms of stochastic processes. On the basis of
reasonable physical considerations !see below", we propose
that the dynamics of !n!t" is governed by the following set of
stochastic differential equations !SDE",

!̇i = $i!!i−1 − !i" + ki!i%i!t", i = 1, . . . ,n , !1"

where the parameters $i and ki are assumed to be constant in
time and %i!t" are mutually independent white noises. The
quantity !0 appearing in Eq. !1" for i=1 represents the rate of
energy fed into the system at the integral scale L and is
considered fixed.

The terms in the right-hand side of Eq. !1" have a clear
physical interpretation. For instance, the deterministic term
represents the unidirectional coupling between successive
steps of the energy cascade. Owing to this coupling, if we
were to neglect the fluctuating term in Eq. !1" then all quan-
tities !i would relax to the constant value !0, thus recovering
the K41 theory. By the same token, Eq. !1" implies that the
average energy flux is scale independent, in the sense that in
the stationary regime one has %!i&=!0 for all i. The choice of
the noise term is also a natural one since we expect a multi-
plicative noise in a cascade process. This ensures, in particu-
lar, that if the quantities !i!t" are initially positive then they
remain non-negative for all times. To see this, note that if
!i!t" were ever to become negative it would have to cross
zero, since it is a continuous process. But if !i=0 at some
time, then Eq. !1" implies that !̇i#0 and so !i will be “re-
flected” back to the positive range. !Of course, the rate of
energy transfer !r cannot assume negative values if it is to be
identified with the local average rate of energy dissipation, as
first suggested by Obukhov #3$."

The model defined in Eq. !1" bears some resemblance to
shell models of energy cascade in turbulence #16$, where one
seeks to describe the energy-cascade mechanism by a set of
coupled nonlinear ordinary differential equations that are
consistent with the Navier-Stokes !NS" equation. Our model
is more of a phenomenological nature in that it incorporates
the fluctuations of the rates of energy dissipation explicitly

*dsps@df.ufpe.br
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Emergence of skewed non-Gaussian distributions of velocity increments in turbulence
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Skewness and non-Gaussian behavior are essential features of the distribution of short-scale ve-
locity increments in turbulent flows. Yet, the physical origin of the asymmetry and the form of the
heavy tails remain elusive. Here we describe the emergence of both properties through an exactly
solvable stochastic model with a scale hierarchy of energy transfer rates. By a statistical superposi-
tion of a local equilibrium distribution weighted by a background density, the increments distribution
is given by a novel class of skewed heavy-tailed distributions, written as a generalization of the Meijer-
G functions. Nice agreement in the multiscale scenario is found with numerical data of systems with
di↵erent sizes and Reynolds numbers. Remarkably, the single scale limit provides poor fits to the
background density, highlighting the central role of the multiscale mechanism. Our framework can
be also applied to describe the challenging emergence of skewed distributions in complex systems.

The phenomenon of turbulence is plentiful of challeng-
ing features that still remain elusive after decades of ef-
forts [1, 2]. In particular, the negative skewness and non-
Gaussian behavior of the distribution of velocity incre-
ments between close points in a turbulent flow have long
figured among the most intriguing ones. Though the neg-
ative asymmetry can be derived from the Navier-Stokes
equations and has been connected to the time reversal
symmetry breaking [3], elucidating its physical origins
and determining the form of the heavy tails persist as
long-standing open questions.

Indeed, understanding the statistical properties of ve-
locity fluctuations has always been, and remains, an es-
sential issue in turbulence. A significant step in this
direction was Kolmogorov’s theory of turbulence [1].
One of its few exact results is the so-called 4/5-law:
h(�vr)3i = � 4

5 h✏ir, where �vr = v(x + r) � v(x) rep-
resents the longitudinal velocity increment and h✏i is
the mean energy dissipation rate. For homogeneous
and isotropic turbulent flows, in which h�vri = 0, Kol-
mogorov’s 4/5-law implies negative skewness and non-
Gaussian statistics of velocity increments. Considerable
e↵ort has been also devoted to investigate the scaling
properties of higher-order structure functions, h(�vr)ni ⇠
r

⇣n , n > 3, for which no exact results are known [1].
Moreover, a renewed interest has arisen as well in the
study of the increments distribution itself, rather than
its set of moments [4–9]. In particular, it has long been
known that velocity increments for large separations tend
to be Gaussian distributed, whereas non-Gaussian be-
havior is noted at short scales [1]. A more recent work
found [10] that short-scale non-Gaussian e↵ects appear at
Reynolds numbers much smaller than initially thought.

Here we report on a statistical approach to the distri-
bution of short-scale velocity increments in homogeneous
and isotropic turbulent flows that properly describes the
emergence of both the negatively skewed asymmetry and

non-Gaussian heavy tails. Our work is based on two cen-
tral tenets of turbulence theory [1, 2], namely the inter-
mittency phenomenon and the concept of energy cascade,
whereby energy is transferred from large to small eddies
until dissipation by viscous forces at the shortest (Kol-
mogorov) scale.

Our intermittency model is built upon a hierarchy
of multiple coupled scales of energy transfer rates [11–
13]. The marginal distribution of short-scale velocity in-
crements P (�vr) is related to the energy transfer rate
"` at a larger scale ` through a statistical superposi-
tion of the conditional distribution P (�vr|"`), weighted
by a background distribution f("`) that is obtained in
closed form from our intermittency model. By consider-
ing P (�vr|"`) as a Gaussian with nonzero mean charac-
terized by an asymmetry parameter µ, we obtain an exact
P (�vr) in the form of a novel class of skewed functions
with stretched exponential heavy tails. These newly de-
fined functions constitute a generalization of the Meijer-
G functions and, to our knowledge, have never been pre-
viously considered in the literature.

The theoretical predictions emerging from this multi-
scale scenario are found to be in excellent agreement with
turbulence data from two independent numerical simula-
tions of the Navier-Stokes equations in systems with dif-
ferent sizes and Reynolds numbers. Remarkably, a poor
agreement is found if only a single background scale is
considered. Furthermore, the origin of the stretched ex-
ponential heavy tails is shown to be directly related to
the multiscale behavior, since a simple exponential decay
would result if only a single scale were present. More-
over, our framework can be also applied to investigate
the emergence of skewed distributions in other complex
systems, such as financial markets [14] and biological sys-
tems [15].

Theoretical background. We work under the formalism
of a unified hierarchical approach to describe the statis-
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Multicanonical distribution: Statistical equilibrium of multiscale systems
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A multicanonical formalism is introduced to describe the statistical equilibrium of complex systems exhibiting
a hierarchy of time and length scales, where the hierarchical structure is described as a set of nested “internal heat
reservoirs” with fluctuating “temperatures.” The probability distribution of states at small scales is written
as an appropriate averaging of the large-scale distribution (the Boltzmann-Gibbs distribution) over these
effective internal degrees of freedom. For a large class of systems the multicanonical distribution is given
explicitly in terms of generalized hypergeometric functions. As a concrete example, it is shown that generalized
hypergeometric distributions describe remarkably well the statistics of acceleration measurements in Lagrangian
turbulence.
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In this Rapid Communication we introduce a general
formalism to describe the statistical equilibrium of complex
systems with multiple time and length scales. We adopt a
viewpoint akin to the canonical ensemble perspective—only
slightly augmented—in which the system is given a certain
temperature by being placed in an infinite heat bath of the
proper temperature [1]. The specific question we wish to
address here is how a small subsystem within the main
system comes into thermal equilibrium with the heat bath
and what is the resulting probability distribution of states for
such a subsystem. In the standard canonical treatment [1], the
small subsystem and its large surroundings are assumed to be
independent and are thus described by the same distribution
law—the Boltzmann-Gibbs (BG) distribution. There are, how-
ever, many physical systems, such as highly turbulent flows [2],
where, owing to the existence of a hierarchy of dynamical
structures, the relevant distributions depend on the scale at
which the measurements are made. In such cases, the canonical
hypothesis must be modified accordingly to take into account
the more complex process of energy exchange between
the subsystem and the heat bath, which will be mediated
by the intervening hierarchical structure.

Here we give an effective description of the dynamical
hierarchy in terms of a set of nested “internal heat reservoirs,”
where the innermost reservoir surrounds the subsystem of
interest while the outermost one is in contact with the external
heat bath. The complex (intermittent) energy flow between
adjacent hierarchical levels is then modeled by allowing the
“temperatures” of such internal reservoirs to fluctuate accord-
ing to a stochastic dynamics described by a deterministic
term, given by the usual Newton’s law of cooling, plus a
multiplicative noise. (Without the stochastic term the system
would, of course, relax to the usual Gibbsian equilibrium.)
In such a scenario, it turns out that for a large class of
systems the equilibrium distribution can be written explicitly
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in terms of certain generalized hypergeometric functions. This
family of generalized hypergeometric (GHG) distributions
includes, as its first two members, the BG distribution and
the q-exponential distribution, also known as the Tsallis
distribution, which has been much studied in the context of the
so-called nonextensive thermodynamics [3]. It is thus argued
that GHG distributions of higher order should naturally appear
in complex systems having more than two distinct time scales.
As a concrete example, we show that the GHG distribution
of seventh order describes remarkably well the statistics of
acceleration measurements in Lagrangian turbulence [4].

We consider a system of size L in contact with an external
heat reservoir at a fixed temperature T0. We assume that
the system possesses a hierarchy of dynamical structures
of characteristic sizes ℓj , where for definiteness we take
ℓj = L/2j , for j = 0,1,...,n. It is also supposed that there is a
wide separation of time scales, with smaller structures having
faster dynamics. We focus our attention on a small subsystem
of size r < ℓn. (One can think of this small subsystem as the
measurement volume.) In the standard canonical formalism,
the large subsystem surrounding the small subsystem can be
viewed either as a heat bath or as a large collection (ensemble)
of small subsystems essentially identical to the subsystem in
focus. Owing to the presence of multiple scales, neither one
of these two viewpoints is however applicable in our case. We
shall instead regard the large subsystem as consisting of a set
of nested “internal heat reservoirs,” where each such reservoir
is characterized by its own effective “temperature” Tj , with
j = 0,1, . . . ,n. The temperature Tj represents a measure of
the average energy (at a given time) in the structures of
characteristic size ℓj and as such will be treated as a fluctuating
quantity, whose probability density function (PDF) will be
denoted by f (Tj ).

Our aim here is to obtain the probability Pr (εi) of finding
a small subsystem of size r in a given state of energy εi . By
assumption, the subsystem has a dynamics that is much faster
than that of the temperature Tn of its immediate surroundings.
It is therefore reasonable to suppose that before Tn changes
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Universality classes of fluctuation dynamics in hierarchical complex systems
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A unified approach is proposed to describe the statistics of the short-time dynamics of multiscale complex
systems. The probability density function of the relevant time series (signal) is represented as a statistical
superposition of a large time-scale distribution weighted by the distribution of certain internal variables that
characterize the slowly changing background. The dynamics of the background is formulated as a hierarchical
stochastic model whose form is derived from simple physical constraints, which in turn restrict the dynamics
to only two possible classes. The probability distributions of both the signal and the background have simple
representations in terms of Meijer G functions. The two universality classes for the background dynamics manifest
themselves in the signal distribution as two types of tails: power law and stretched exponential, respectively. A
detailed analysis of empirical data from classical turbulence and financial markets shows excellent agreement
with the theory.
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I. INTRODUCTION

Complex phenomena are known to exhibit stationary time
series which often show large deviations from Gaussian statis-
tics. A common procedure to produce non-Gaussian tails is to
allow for the violation of one of the assumptions of the central
limit theorem, usually the condition that the increments have
finite variance, which leads to stable Lévy distributions [1].
The physically undesirable consequence that such distributions
have infinite variance is usually dealt with, a posteriori, by
imposing some sort of truncation, generating the so-called
truncated Lévy distributions [2]. In other cases, heavy-tailed
distributions can be accounted for by a superposition of two
statistics—a procedure known in mathematics as compound-
ing [3] and in physics as superstatistics [4]. Notwithstanding
their empirical successes in several areas [4–8], such ad
hoc treatments of non-Gaussian effects are not completely
satisfactory in that they offer no clear physical explanation for
the underlying dynamics driving the fluctuation phenomena.
Here we propose a general stochastic dynamical framework,
whereby heavy-tailed distributions naturally emerge. It is
shown in particular that only two classes of distributions are
allowed as characterized by the nature of the tails: power law
and stretched exponential, respectively.

In this work we also address another important problem
that one often faces when dealing with fluctuation phenomena
in complex systems, namely the fact that the empirical data
can be almost equally well fitted with different probability
distributions, making it difficult to select between competing
models [9,10]. We tackle this model selection problem by
introducing a joint-fitting procedure, whereby we simulta-
neously fit the empirical distributions of both the measured
quantity (signal) and an internal variable (background), which
represents the changing local environment. In our formalism,
the background is described by a hierarchical stochastic
model whose form is severely constrained by basic physical
requirements, yielding only two “universality classes” of
possible dynamics. Analytical expressions are obtained for
the distributions of both the signal and the background in

terms of certain special transcendental functions—the Meijer
G functions. The availability of closed form solutions within
the same family of special functions not only offers a unified
theoretical treatment to the problem, but more importantly it
allows one to implement the joint fitting procedure described
above, which in turn helps to discriminate between the
allowed distributions and also provides a direct check on the
assumptions of the model. Excellent agreement with the theory
is found in a detailed analysis of turbulence data as well as of
financial asset price fluctuations. Owing to its generality, our
theory could have a wide range of applications across different
areas and disciplines.

II. THE MULTISCALE APPROACH

Consider a multiscale complex system in a stationary state
where the probability distribution of the relevant observable,
denoted by x, depends on the spatial or temporal scale with
which the system is observed. The large-scale distribution, i.e.,
measured at a time scale τ0 above which fluctuations in x are
essentially uncorrelated, is assumed to be known and given
by P (x|ε0), where ε0 is a parameter that characterizes the
large-scale stationary state (global equilibrium) of the system.
To be specific, we shall assume that at large scales our system
follows a Gaussian distribution with variance ϵ0. (A Gibbsian
distribution with mean ϵ0 could also be chosen with similar
results.) We suppose furthermore that the observed quantity x
has a much faster dynamics than that of its local environment.
This means that over short time periods (during which the
environment does not change appreciably) the system follows
the same distribution P (x|ε), but where ε now characterizes
the “local equilibrium”. Under these assumptions, we can write

P (x|ε) = 1√
2πε

exp
!

−x2

2ε

"
. (1)

Here we assume that ε is a fluctuating quantity but one that
varies more slowly (in time and space) than x. Physically,
the quantity ε can be identified, for example, with the local
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Maximum entropy approach to H-theory: Statistical mechanics of hierarchical systems
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A formalism, called H-theory, is applied to the problem of statistical equilibrium of a hierarchical complex
system with multiple time and length scales. In this approach, the system is formally treated as being composed of
a small subsystem—representing the region where the measurements are made—in contact with a set of “nested
heat reservoirs” corresponding to the hierarchical structure of the system, where the temperatures of the reservoirs
are allowed to fluctuate owing to the complex interactions between degrees of freedom at different scales. The
probability distribution function (pdf) of the temperature of the reservoir at a given scale, conditioned on the
temperature of the reservoir at the next largest scale in the hierarchy, is determined from a maximum entropy
principle subject to appropriate constraints that describe the thermal equilibrium properties of the system. The
marginal temperature distribution of the innermost reservoir is obtained by integrating over the conditional
distributions of all larger scales, and the resulting pdf is written in analytical form in terms of certain special
transcendental functions, known as the Fox H functions. The distribution of states of the small subsystem is
then computed by averaging the quasiequilibrium Boltzmann distribution over the temperature of the innermost
reservoir. This distribution can also be written in terms of H functions. The general family of distributions reported
here recovers, as particular cases, the stationary distributions recently obtained by Macêdo et al. [Phys. Rev. E
95, 032315 (2017)] from a stochastic dynamical approach to the problem.
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I. INTRODUCTION

Complex systems with multiple time and length scales occur
frequently in many areas of physics and interdisciplinary fields,
such as turbulence [1], random-matrix theory [2], high-energy
collision physics [3,4], and econophysics [5], to mention
only a few. One common feature among many such systems
is the appearance of probability distributions that deviate
considerably from what one would expect (say, Gaussian or
exponential behavior) on the basis of standard equilibrium
statistical mechanics arguments. A great deal of effort has
therefore been devoted to constructing physical models that
generate such heavy-tailed distributions. One approach that has
attracted considerable attention is the so-called nonextensive
statistical mechanics formalism [6] whereby a power-law
distribution, known as the Tsallis distribution, is obtained
by maximizing a nonextensive entropy that generalizes the
Boltzmann entropy formula. Heavy-tailed distributions can
also be accounted for by a superposition of two statistics—a
procedure known in mathematics as compounding [7] and
in physics as superstatistics [8]. In particular, the Tsallis
distribution can be readily obtained from the superstatistics
approach by an appropriate choice of the weighting distribution
[8]. Furthermore, this choice of weighting distribution can be
justified from both a Bayesian analysis [9,10] and a maximum
entropy principle based on the Boltzmann-Shannon entropy
[11–15], thus circumventing the need to introduce a non-
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extensive entropy to justify the emergence of heavy-tailed
distributions.

Recently, we introduced a general formalism [16–18] that
extends the superstatistics approach to multiscale systems and
gives rise to a large family of heavy-tailed distributions labeled
by the number N of different scales present in the system.
(Usual superstatistics corresponds to N = 1 [19].) In this hier-
archical formalism, to which we refer as H-theory, it is assumed
that at large scales the statistics of the system is described
by a known distribution that contains a parameter (say, the
temperature T0) that characterizes the global equilibrium of the
system. At short scales, however, the system deviates consid-
erably from the large-scale distribution, owing to the complex
multiscale dynamics (intermittency effects) of the system. The
scale dependence of the relevant distributions can be effectively
described by assuming that the environment (background) sur-
rounding the small system under investigation changes slowly
in time. The dynamics of the background is then formulated
as a set of hierarchical stochastic differential equations whose
form is derived from simple physical constraints, yielding only
two “universality classes” for the stationary distributions of the
background variables at each level of the hierarchy: (i) a gamma
distribution and (ii) an inverse-gamma distribution. For both
classes, analytical expressions are obtained for the marginal
distribution of the background variable at the lowest level of
the hierarchy in terms of Meijer G functions, from which the
heavy-tailed distribution of the fluctuating signal is computed
(and also written in terms of G functions). Here two classes of
signal distributions are found [18] according to the behavior
at the tails: (i) power-law decay and (ii) stretched-exponential
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Obrigado.


