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Lecture I: Cauchy’s almost forgotten 1815 work



Cauchy and the 1815 “Grand prix de mathématique”
•
•
•
•

•

•

•

Augustin-Louis Cauchy 1789-1857

Junior engineer in Cherbourg 1810
Engineer Ourcq canal (Paris) 1813

Engineering studies in Paris

March 1816: Cauchy appointed by 
the King member of the Academy

Significant mathematical production 
started early: in 1813 the “geometry” 
Section of the Academy ranked him 
2nd for election as member

December 26, 1815 Cauchy obtains the prize for a three-part 
memoir, eventually published (310 pages) in 1827 in Mémoires 
des savans étrangers (here, only the 2nd part is of interest)

December 1813, the Paris Academy decides that its1815 
“Great mathematics prize” will be  on: the problem of 
waves on the surface of a liquid of  arbitrary depth

•



Eulerian and Lagrangian coordinates

•

•

•

•

In 1747 the Berlin Academy set a prize “to determine ... at all 
times the speed and direction of the wind in all places.”  In 
modern notation, to find the Eulerian velocity              .
In 1757 Leonhard Euler wrote the dynamical evolution 
equations for a 3D incompressible ideal (inviscid) fluid

Lagrange’s 1788 variational formulation of the Euler equations 
made use of the map                         of the initial position      of a 
fluid particle to its current position    , solution of the 
characteristic equation                                                .
He obtained the following Lagrangian dynamical equations 

v(x, t)

@tv + (v ·r)v = �rp, r · v = 0

aa 7! x(a, t)
x

ẋ = v(x, t), x(a, 0) = a

3X

k=1

ẍkrLxk = �rLp, det (rLx) = 1

where                      is the Jacobian matrix of the map.rLx := rax



The Cauchy invariants equations

Cauchy takes the Lagrangian curl of Lagrange’s equation
rL ⇥

P3
k=1 ẍkrLxk = 0

which he then integrates in time, to obtain the Cauchy invariants 
equations

where                      is the initial vorticity!0 = rL ⇥ v0

3X

k=1

rLẋk ⇥rLxk = rL ⇥
3X

k=1

ẋkrLxk = !0 ,



Hermann Hankel’s 1861 Göttingen Preisschrift

In 1860 Göttingen University set up a prize: The general equations for 
determining fluids motions may be  given in two ways, one of  which  is due to Euler, the other one 
to Lagrange. The illustrious  Dirichlet pointed out in the posthumous paper “On a problem of 
hydrodynamics'' the hitherto almost completely neglected advantages  of the Lagrangian approach, 
but he seems to have been  prevented, by a fatal disease,  from a deeper development thereof. So, 
this Faculty asks for a theory fluids  based on the equations of Lagrange, yielding, at least, the laws

•

•
•
•

Hermann Hankel, 1839-1873, student of 
Moebius, Riemann, Weierstrass, Kronecker
Known for Hankel matrices, transforms and 
functions
Also historian of mathematics: Zur Geschichte 
der Mathematik in Alterthum und Mittelalter
In 1858 Helmholtz published an important 
paper on vortex dynamics in which he gave a 
somewhat heuristic derivation of the Lagrang. 
invariance of the flux of the vorticity through 
an infinitesimal piece of surface

•

of vortex motion discovered otherwise by the illustrious Helmholtz.



Hankel’s proof of the Helmholtz and circulation theorems
Hankel uses Cauchy’s 1815 invariants equations, in the form

In the Lagrangian space of initial fluid positions he  takes a finite 
piece of smooth surface     limited by a contour     and their 
images by the Lagrangian map from 0 to t, S and  C, respectively. 

rL ⇥
P3

k=1 ẋkrLxk = !0

He then applies the Kelvin-Stokes-Hankel theorem at time zero 
and at time t, to obtain 

3X

k=1

vkrLxk · da = v · dxwhere                and use has been made of 

S0 C0

! := r⇥ v

Hankel has thus not only proved Helmholtz’s theorem, but 
obtained an integral invariant (circulation theorem), which 
states that: 

Z

C0

v0 · da =

Z

S0

!0 · n0 d�0 =

Z

C0

⌃kvkrLxk · da =

Z

C
v · dx =

Z

S
! · n d�

Z

C0

v0 · da =

Z

C
v · dx .

circulation

vorticity flux



20th century  Cauchy invariants rediscovered and 
finally credited to Cauchy 

Eckart (1960) rederived the Cauchy invariants (without 
attribution) and then, in 1963 observed in an incidental way, that 
these invariants follow from the relabeling symmetry. Almost 
certainly, he meant “by use of  Noether’s (1918) theorem.” 

•

•

•

Newcomb  (1967) explicitly applied Noether’s theorem to obtain 
the Cauchy invariants, again without attribution. Then several 
authors did the same;  such work was reviewed by Salmon (1988).
Abrashkin, Zen’kovich and Yakubovich (1996) and Zakharov and 
Kuznetsov (1997) made the correct attribution to Cauchy. 
Actually, it seems that, among Russian scientists, the expression 
“Cauchy invariants,” as they are now called,  was used during 
most of the nineties.• Besse and Frisch (2017) showed that Cauchy invariants equations 
are obtained for any exact Lie-advected form (the vorticity 2-form 
is an instance). They also showed that Cauchy’s well-known  
vorticity formula                          follows by Hodge duality.

Cauchy used the vorticity formula to derive a clean 
proof of Lagrange’s theorem on the persistence of 
potential flow.

Cauchy’s vorticity formula

From the invariants equations, Cauchy derives a vorticity 
formula, stating that the current  vorticity is the initial 
vorticity contracted with the Jacobian matrix of the 
Lagrangian map: 

In other words, the vorticity evolves like two infinitesimally 
close fluid particles. This relation, which  applies also to a 
magnetic field in a perfecting conducting fluid, has 
remained well known since Cauchy’s time.

•

•

•
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Lecture II: Time-analyticity of the Lagrangian map



The birth of functional analysis for the Euler equations

Witold Wolibner 
1902-1961 

(Warsaw Polytech. Inst.)

Leon Lichtenstein 1878-1933 
(U. Leipzig: 1922-1933)

T h e f i r s t p r o o f o f 
persistence for some time of 
initial regularity for the 
solutions of the 3D Euler 
equations was given by 
Lichtenstein (1927) using 
tools introduced by Hölder. 
This effort was continued 
by Witold Wolibner, Ernst 
Hölder, who proved all-time 
regularity for 2D in 1933 
and many others.

Lichtenstein assumed that the initial vorticity satisfies an “H-
condition”, i.e. is Hölder continuous. For  space-periodic solutions 
to the 3D Euler equations, Lichtenstein’s key estimate reads:

|!|↵ := max
x2T3

|!(x)|+ sup
x1,x22T3,x1 6=x2

|!(x1)� !(x2)|
|x1 � x2|↵

d

dt
|!(t)|↵ < C|!(t)|2↵ 0 < ↵ < 1, C > 0

Such solutions are said here to have “limited” regularity.
Blow up



A very smooth ride in a rough sea

The limited-regularity solutions of Lichtenstein and his followers have a       
regularity in space (their first derivatives are Hölder continuous).  In Eulerian 
coordinates, their temporal regularity is also not better than       .  The Lagrangian 
structure, i.e. the trajectories of fluid particles, is however much smoother.  
Chemin (1982) showed that during the interval of regularity they remain indefinitely 
differentiable in time.  
Serfati (1995) and Shnirelman (2012), using the theory of analytic functions on 
complex Banach spaces, showed that the trajectories of fluid particles are actually 
analytic in time. Their non-constructive proofs are difficult and give no estimates of 
the radius of convergence of the time-Taylor series for the Lagrangan map. 
Frisch and Zheligovsky (2014), using Cauchy’s formulation proved the following 
Theorem. Consider a space-periodic three-dimensional flow of incompressible fluid 
governed by the Euler equation. Suppose the initial velocity            is in               . 
Then, at sufficiently small times, the position of fluid particles,            , is given by a 
temporal Taylor series whose coefficients can be recursively calculated. The radius 
of convergence is bounded from below by a strictly positive quantity, which is 
inversely proportional to                . 

C1,↵•

•

•

•

C1,↵

x(a, t)
C1,↵(T3)v0(a)

|rv0|0,↵



rL ⇥ ⇠̇ +rL⇠̇k ⇥rL⇠k = !0 ⇥L · � +
1

2

⇤
(⇥L · �)2 � tr

�
⇥L�

⇥2⌅
+ det(⇥L�) = 0

nrL ⇥ ⇠(n) +
X

r+s=n

rrL⇠(r)k ⇥rL⇠(s)k = !0�n1, n = 1, 2, . . .

⇤L · �(n) + 1

2

⇤

r+s=n

⌅
⇤L · �(r) ⇤L · �(s) � tr

�
⇤L�(r)⇤�(s)

⇥⇧
+

⇤

r+s+�=n

⇤L�(r)1 ·
�
⇤L�(s)2 ⇥⇤L�(�)3 ) = 0

Introduce the displacement: ⇠ := x� a

det (I + rL⇠) = 1 or

3X

k=1

rLẋk ⇥rLxk = !0

det(rLx) = 1
Proof

Recursion relations: Expand in powers of t: ⇠ =
1X

n=1

tn⇠(n), and determine coe�cients of various powers:
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FIGURE 1. A sketch of the graphs of the polynomial p(⇣ ) (2.25) for three values of T ,
such that T1 < T2 < Tc, illustrating the behaviour of real roots of p (the roots are shown
as the points of intersection of the graph of p(⇣ ) and the horizontal axis). On increasing
T , the graph slides up as a rigid curve. As a result, the roots ⇣1 and ⇣3 move to the left
(i.e. become smaller), and ⇣2 moves to the right (i.e. becomes larger). At the critical value
Tc, for which @p/@⇣ = 0 and the discriminant � vanishes, the two roots ⇣2 and ⇣3 collide
and disappear (with the emergence of a pair of complex conjugate roots, which cannot be
shown in the plot).

of (2.12) and the gradient of (2.13), solve the resultant Poisson equation and finally
take one (tensor) gradient to obtain

rL
µ⇠

(s)
⌫ = rL

µv(init)
⌫ �s

1 +
X

16j63,
j 6=⌫

Cµj

0

B@
X

16k63,
0<m<s

2m � s
s

(rL
⌫⇠

(m)
k ) rL

j ⇠
(s�m)
k

1

CA

+ Cµ⌫

0

B@
X

16i<j63
0<m<s

⇣
(rL

j ⇠
(m)
i )rL

i ⇠
(s�m)
j � (rL

i ⇠
(m)
i )rL

j ⇠
(s�m)
j

⌘

�
X

i,j,k
l+m+n=s

"ijk(rL
i ⇠

(l)
1 )(rL

j ⇠
(m)
2 )rL

k⇠
(n)
3

1

CA . (2.29)

Here, Cij ⌘ r�2rL
i rL

j and rL
i rL

j denotes the second-order partial derivative @2/@ai@aj.
The operator r�2, as already stated, is the inverse of the (Lagrangian) Laplacian. For
a given periodic function f with zero spatial mean over the periodic cell, r�2f is
defined as the unique periodic function  with zero spatial mean, solving r2 =
f . The structure of (2.29) has an important property: for a given order s, the nine-
component tensor rL⇠ (s) is expressed in terms of products of gradients of lower-order
Taylor coefficients, and of the operators Cij acting on these products.

Operators such as Cij ⌘ r�2rL
i rL

j have been used in potential theory and applied
mathematics since at least the beginning of the 20th century (see § 2.5). They are
instances of what are now sometimes called Calderon–Zygmund operators. In view of
the importance of these operators here, we shall call them the ‘fundamental Calderon–
Zygmund’ (fCZ) operators.

The beast and its taming



Proof of analyticity (continued)

C1⌧? � F + C2F
2 + C3F

3 = 0 vanishes.

This follows from the observation that the polynomial

F (t)  C1t|v0|1,↵ + C2F
2(t) + C3F

3(t), t > 0

P (F ) := C3F
3 + C2F

2 � F

Analyticity follows from the boundedness of the generating function. QED
positive roots, colliding on increasing t.

F (t) bounded for 0  t|rv0|0,↵ < ⌧?

where ⌧? > 0 is such that the discriminant

⇣n  C1|v0|1,↵�n1 + C2

X

r+s=n

⇣r⇣s + C3

X

r+s+�=n

⇣r⇣s⇣�, n = 1, 2, . . . C1 > 0, C2 > 0, C3 > 0

Use the boundedness of �
�1rr in Hölder spaces (Korn 1907, Lichtenstein 1925, Stein 1970,...):

Define ⇣n := |r⇠(n)|0,↵and introduce the generating function F (t) :=
1X

n=1

tn⇣n
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of (2.12) and the gradient of (2.13), solve the resultant Poisson equation and finally
take one (tensor) gradient to obtain
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µv(init)
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Here, Cij ⌘ r�2rL
i rL

j and rL
i rL

j denotes the second-order partial derivative @2/@ai@aj.
The operator r�2, as already stated, is the inverse of the (Lagrangian) Laplacian. For
a given periodic function f with zero spatial mean over the periodic cell, r�2f is
defined as the unique periodic function  with zero spatial mean, solving r2 =
f . The structure of (2.29) has an important property: for a given order s, the nine-
component tensor rL⇠ (s) is expressed in terms of products of gradients of lower-order
Taylor coefficients, and of the operators Cij acting on these products.

Operators such as Cij ⌘ r�2rL
i rL

j have been used in potential theory and applied
mathematics since at least the beginning of the 20th century (see § 2.5). They are
instances of what are now sometimes called Calderon–Zygmund operators. In view of
the importance of these operators here, we shall call them the ‘fundamental Calderon–
Zygmund’ (fCZ) operators.

has one finite local maximum and minimum and two



“Time”-analytic particle trajectories for flows with 
boundaries and for cosmological flow

• For incompressible flow, in the presence of a solid impermeable boundary,
the recursion relations for the time-Taylor coe�cients ⇠(n) must be supplemented
by conditions expressing the invariance of the boundary under the Lagrangian flow.
As shown by Besse and Frisch (2017), this leads again to time-analyticity of Lagrangian
trajectories, when the boundary is itself analytic (but there are interesting weaker
results for Gevrey-class and ultra-di↵erentiable boundaries). This is important
for investigating blow-up, which may depend on the presence of boundaries.

• Cosmological flow, after matter-radiation decoupling and before the development of
massively multi-streaming regimes, is governed by the gravitational Euler–Poisson
equations for potential flow, coupled to the Friedmann equation for the expansion
scale factor a(t).
For an Einstein–de Sitter universe, Zheligovsky and Frisch (2014) showed that
analyticity in the scale factor a (used as a time variable) holds under certain
slaving conditions. The result was extended to ⇤CDM cosmology by Rampf,
Villone and Frisch (2015).
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Eulerian vs. Lagrangian time-Taylor expansions

coefficients from which follows the analyticity of the time-Taylor series (Section 2.1). We then
present, in a heuristic way, a result allowing the determination of the radius of convergence of such
Taylor series, an important new tool for analyzing the output of Cauchy–Lagrangian computations
(Section 2.2).

2.1. Cauchy’s Lagrangian formalism for ideal incompressible fluid flow

The flow of an ideal incompressible fluid, described in Eulerian coordinates, is governed by the
Euler equation

∂tv + (v ·∇)v = −∇p, ∇ · v = 0, (2)

where v(x, t) is the velocity and p(x, t) the pressure (divided by the density, which in the incompress-
ible case is constant). Here the spatial differentiation ∇ is performed in the Eulerian coordinates x.

The Eulerian equation (2) is notorious for difficulties in its investigation, both analytical and
numerical. It turns out that its Lagrangian analogue can be once integrated in time, which yields
the Cauchy invariants equations (1). Since these equations are central to our numerical method, we
briefly recall how they are derived.

In Lagrangian coordinates, fluid particles are characterised by their initial positions a and the time
t. The subsequent positions of fluid particles are then described by the Lagrangian map a #→ x(a, t).
The spatial gradient in the Lagrangian coordinate a is denoted ∇L.

Cauchy’s derivation of (1) is now briefly recalled [9]. Observe that the l.h.s. of (2) is the accel-
eration ẍ of the fluid particle; thus, ẍ = −∇p. Multiplying this equation by the transpose of the
Jacobian matrix ∇Lx, we transform the Eulerian gradient in the r.h.s. into the Lagrangian one and
obtain, in the component form:

3!

k=1

ẍk∇L
i xk = −∇L

i p. (3)

Cauchy then applies a Lagrangian curl to (3), and finds that the l.h.s. can be exactly integrated in
time to yield the first equation of the set (1). The second one, the Jacobian equation, expresses the
conservation of volume, equivalent to incompressibility.

The Cauchy invariants equations are quadratically nonlinear equations, not resolved in the time
derivatives; the Jacobian equation is also quadratic (in 2D) or cubic (in 3D). At first glance, it is
unclear, in what respect (1) are advantageous compared to the Eulerian equations (2). To see what
is gained, following [21, 44], we consider the equations for the displacement ξ = x − a, that ensue
from (1) and are in 3D as follows:

∇L × ξ̇ +
3!

k=1

∇Lξ̇k ×∇Lξk = ω(init), (4)

∇L · ξ +
!

1≤i<j≤3

(∇L
i ξi ∇L

j ξj −∇L
i ξj ∇L

j ξi) + det(∇Lξ) = 0, (5)

and expand the displacement in the time-Taylor series

ξ(a, t) =
∞!

s=1

ξ(s)(a)ts. (6)

The structure of equations (4)–(5) enables us to derive recurrence relations for the coefficients ξ(s)(a),

3

constrained by CFL – alternates with a reversion to a Eulerian grid (see, e.g., [40] and references
therein). The SL algorithms used so far, e.g., in geophysical fluid dynamics, engineering, mechanics
and plasma physics, were designed for situations where satisfactory results can be obtained with
rather low-order temporal schemes. They are thus not appropriate for numerical experimentation on
delicate questions, such as the issue of blow up in three-dimensional flow (see, e.g., [22]).

A mostly forgotten Lagrangian formulation of the equations of ideal incompressible flow, due to
Cauchy [9, 20], combined with some recent advances regarding the time-analyticity of Lagrangian
trajectories [21, 44], allows us to propose a new SL algorithm, called the Cauchy–Lagrangian al-
gorithm, that is particularly well-suited for problems in which high precision is a prerequisite, and
actually better suited than Eulerian schemes.

Cauchy’s 1815 Lagrangian equations are formulated in terms of the Lagrangian map from La-
grangian to Eulerian coordinates, a → x = x(a, t), defined as the solution of the ordinary differential
equation for fluid particle trajectory, ẋ = v(x, t), with the initial condition x(a, 0) = a. Here, the
dot denotes a (Lagrangian) time derivative. The three-dimensional Cauchy invariants equations are
(see Section 2 for a simplified derivation):

3!

k=1

∇Lẋk ×∇Lxk = ω(init), det(∇Lx) = 1, (1)

where ω(init) = ∇L × v(init) denotes the initial vorticity and ∇L is the Lagrangian gradient, i.e., the
space derivatives in a. Since the r.h.s. of the first equation in (1) does not depend on time, its l.h.s. is
obviously a Lagrangian invariant, whose scalar components are called the “Cauchy invariants”. These
invariants were much later interpreted as a consequence of Noether’s theorem applied to a continuous
symmetry of the Euler equation, called the relabelling invariance (see [20], Section 5.2).

It was shown in [21, 44] that the Cauchy invariants equations (1) imply analyticity of fluid
trajectories for initial conditions that have certain rather weak regularity. The proof of analyticity is
derived from explicit recurrence relations for coefficients of the time-Taylor series for the Lagrangian
displacement ξ = x − a. These can also be used to construct a numerical Lagrangian method of
very high order in time in both two dimensions (2D) and three dimensions (3D). Its time steps are
only constrained by the radius of convergence of the Taylor series (typically, the inverse of the largest
initial velocity gradient). For more details, see Section 2 and [21, 44].

The paper is organised as indicated hereafter. In Section 2 we recall some of the known results
about Cauchy’s Lagrangian formulation and its application to the time-analyticity of the Lagrangian
map. In Section 3 we describe the Cauchy–Lagrangian (CL) algorithm in detail: we begin with an
overview and show that CL may be considered as a semi-Lagrangian algorithm of arbitrary high
order (Section 3.1), present the interpolation technique for reverting to Eulerian coordinates at the
end of each time step (Section 3.4) and show how to optimise the choices of the time step and of
the order of the Taylor expansion truncation to minimise computational complexity (Section 3.5).
Section 4 is devoted to testing the CL algorithm in the 2D case against various numerical methods,
and to CPU benchmarks. Section 5 is a comparison of high-order time-Taylor expansions in Eulerian
and Lagrangian coordinates: the Lagrangian method suffers much less from the rounding errors. In
Section 6 we determine how quickly we have to decrease the time step in the CL method due to
the fact, that radius of convergence R(t) of the time-Taylor series around time t generally shrinks
as t increases, as more and more small-scale eddies (high spatial Fourier harmonics) are generated.
Finally, in Section 7 we present concluding remarks and point out that the Cauchy–Lagrangian
method is well adapted for certain other problems for ideal fluid flow.

2. Mathematical background

Here we recall some of the background material which is used to develop the Cauchy–Lagrangian
method: derivation of the Cauchy invariants equations and recurrence relations for time-Taylor

2
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integrals. These papers by Serfati and Shnirelman are very interesting for those with
a taste for advanced mathematics. Temporal analyticity of ‘particle trajectories’ was
also proved in the recent paper by Constantin, Vicol & Wu (2014) for equations of
hydrodynamic type with the use of rather involved combinatorial relations (called
‘magic identities’ in that paper). Such abstract proofs do not provide us with concrete
ways of constructing the time-Taylor series for the motion of fluid particles.

Frisch & Zheligovsky (2014) gave an elementary proof of analyticity that uses
Cauchy’s Lagrangian formulation. It was then realised that our method can be
generalised, for example, to flow that is initially analytic in the space variables.
Furthermore, as conjectured by Serfati (1995a,b), analyticity of Lagrangian fluid
particle trajectories holds also for compressible flow. The present paper addresses all
these issues. Intended primarily for fluid dynamicists, it is self-contained and does
not rely on advanced mathematical techniques.

The outline of the paper is as follows. Section 2 is entirely devoted to ideal
incompressible fluid flow. In § 2.1 we present the Lagrangian formulation of the ideal
fluid equations due to Cauchy. In § 2.2 we show how it yields recurrence relations
for time-Taylor coefficients of the Lagrangian map. We then prove the analyticity of
fluid particle trajectories for the simplest case: an initial vorticity field whose Fourier
series is absolutely convergent (§ 2.3). The same technique is then adapted to initial
vorticities that are analytic in space (§ 2.4) or Hölder-continuous (§ 2.5). In § 2.6
we bracket the radius of convergence of these time-Taylor series more precisely, by
considering an example of a Beltrami flow with integrable Lagrangian trajectories
and by refining our previously obtained bounds. Section 3 is devoted to an instance
of compressible ideal fluid flow of cosmological relevance. Concluding remarks are
made in § 4.

2. Ideal incompressible fluid flow
2.1. The Cauchy invariants

The starting point of Cauchy (1815) was the equations of incompressible fluid flow,
namely, the momentum equation and the incompressibility condition, expressed in
what are now called Eulerian coordinates. In modern notation, they are, respectively,

@tv + (v · r)v = �rp, (2.1)
r · v = 0. (2.2)

Here, v is the flow velocity, p is the pressure and t is time.
Cauchy transformed the equations by switching to Lagrangian coordinates, denoted

here by a. Let a 7! x = x(a, t) be the Lagrangian map from the initial to the current
(i.e. at time t) Eulerian position, x, of a fluid particle. The map satisfies

ẋ = v(x, t), x(a, 0) = a, (2.3a,b)

where the dot denotes the Lagrangian time derivative. Since the left-hand side of (2.1)
is the Lagrangian acceleration, (2.1) implies

ẍ = �rp = �rLp((rLx)⇤)�1, (2.4)

where rL denotes the gradient in the Lagrangian variables and the asterisk denotes
matrix transposition. Here, we have re-expressed the Eulerian pressure gradient in
terms of the Lagrangian pressure gradient, using the Jacobian matrix rLx with entries

Eulerian (Euler 1755) Lagrangian (Cauchy 1815)

(Lagrangian map)
@tvi = @j [vivj �r�2@2

il(vlvj)]

(r�2 = inverse Laplacian)
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Tc

T2

T1

0
(T1 ) (T1 ) (T1 )

FIGURE 1. A sketch of the graphs of the polynomial p(⇣ ) (2.25) for three values of T ,
such that T1 < T2 < Tc, illustrating the behaviour of real roots of p (the roots are shown
as the points of intersection of the graph of p(⇣ ) and the horizontal axis). On increasing
T , the graph slides up as a rigid curve. As a result, the roots ⇣1 and ⇣3 move to the left
(i.e. become smaller), and ⇣2 moves to the right (i.e. becomes larger). At the critical value
Tc, for which @p/@⇣ = 0 and the discriminant � vanishes, the two roots ⇣2 and ⇣3 collide
and disappear (with the emergence of a pair of complex conjugate roots, which cannot be
shown in the plot).

of (2.12) and the gradient of (2.13), solve the resultant Poisson equation and finally
take one (tensor) gradient to obtain
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Here, Cij ⌘ r�2rL
i rL

j and rL
i rL

j denotes the second-order partial derivative @2/@ai@aj.
The operator r�2, as already stated, is the inverse of the (Lagrangian) Laplacian. For
a given periodic function f with zero spatial mean over the periodic cell, r�2f is
defined as the unique periodic function  with zero spatial mean, solving r2 =
f . The structure of (2.29) has an important property: for a given order s, the nine-
component tensor rL⇠ (s) is expressed in terms of products of gradients of lower-order
Taylor coefficients, and of the operators Cij acting on these products.

Operators such as Cij ⌘ r�2rL
i rL

j have been used in potential theory and applied
mathematics since at least the beginning of the 20th century (see § 2.5). They are
instances of what are now sometimes called Calderon–Zygmund operators. In view of
the importance of these operators here, we shall call them the ‘fundamental Calderon–
Zygmund’ (fCZ) operators.

Lagrangian Taylor expansion x = a+
1X
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Loss of derivatives

•
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In Eulerian coordinates, if v 2 Ck,↵, then @tv 2 Ck�1,↵

In Lagrangian coordinates, if v 2 Ck,↵, then Dtv 2 Ck,↵
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Lagrangian time derivatives do not lose (spatial) derivatives (Ebin and Marsden 1970)
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Eulerian computations: time step determined by CFL 

Brezis [4], the proof did not suggest any numerical implementation. This became possible with the
rediscovery of Cauchy’s Lagrangian formulation, enabling us to generate time-Taylor coefficients of
arbitrary orders.

Now, we comment on why loss of derivatives in Eulerian coordinates is responsible for rounding
noise that grows very fast with the order of the time-Taylor coefficient. The 4-mode initial condition
used for the present study has of course space derivatives of arbitrary order (it is an entire function).
Hence time derivatives of arbitrary orders at t = 0 also exist. It is easy to see that spatial Fourier
harmonics of the time-Taylor coefficient of order s (not subjected to Galerkin truncation) vanish
beyond a wave number growing linearly with s. (This is true both in Lagrangian and Eulerian
coordinates.) Once the problem is discretised in space and FFTs are used, those wave vectors which
should not be excited will be populated by rounding noise. In the Eulerian case, this noise is amplified
by the presence of the space derivatives in the recurrence relations, each yielding a factor ik on the
Fourier coefficients. In the Lagrangian case, the recurrence relations are all written in terms of
gradients of time-Taylor coefficients, but otherwise we only perform additions, multiplications and
apply bounded Calderon–Zygmund operators. Thus, amplification of noise at high wave numbers is
not so strong as in the Eulerian recurrence relations. A further confirmation of this mechanism is
obtained by considering the relative change with the resolution of the order s at which the transition
to noise takes place. When changing from resolution of 5122 to 10242 harmonics, the transition
orders change by just a few percent in the Lagrangian calculations and by nearly 20% in the Eulerian
calculations.

The advantage of Lagrangian time-marching over Eulerian time-marching from the point of view
of rounding noise is not limited to initial conditions comprised of a finite number of non-vanishing
harmonics. To show this, we use a multistep method with the same initial data as above, but where
a very broad band of Fourier harmonics become excited beyond the first time step. We begin by
explaining how we choose our time steps in the Eulerian calculations. The initial data considered
here are analytic in the space variables and remain analytic in space and time as long as there is
no blow up (for ever in 2D) [3]. At any time t > 0 there is a finite radius of convergence R(t) of
the Eulerian time-Taylor series giving the solution (say, the vorticity) at time t + ∆t in terms of
the solution at time t. Certainly, we have to take ∆t < R(t), but this is not enough, because of a
rounding noise problem, closely linked to what we discussed above.

In Eulerian coordinates, the fastest temporal variation of small-scale eddies comes from them
being swept by the large-scale energy-carrying eddies. Denoting by ϑ(t) the amplitude (say, the vor-
ticity) associated to such an eddy, the sweeping can be modelled by the equation ∂tϑ+ (U ·∇)ϑ = 0,
where U is a large-scale velocity which can be taken uniform to leading order (the expansion pa-
rameter being the ratio of scales of the swept eddies and the sweeping eddies). Let us denote
by ϑk the Fourier coefficients of the small-scale vorticity. The sweeping equation has the solution
ϑk(t+ δt) = exp(−ik ·U∆t)ϑk(t). Expanding the exponential in a Taylor series in ∆t, we find:

ϑk(t + δt) = ϑk(t)
∞!

s=0

(−ik ·U ∆t)s

s!
. (26)

We define C(k,U) ≡ |k ·U ∆t|. Its maximum over all wave vectors and velocities present in the
flow is the Courant number Co ≡ kmaxUmax∆t. Here, kmax is the maximum wave number, determined
by the number of grid points per spatial period, N , and the dealiasing (typically, kmax = N/3), and
Umax is the maximum velocity. We observe that, in the series (26), the moduli of the various terms
decrease with s when Co < 1. Otherwise, for sufficiently small eddies, swept by sufficiently fast large
eddies, i.e., for C(k,U) > 1, the moduli increase at first with the order s while s < C(k,U). Of
course, the whole sum, being an imaginary exponential, has a unit modulus, but this is a sum of
a large number of terms, some of which have moduli that are exponentially large in the Courant
number. The accuracy of such a summation for large Co is low, due to the finite precision of the
computations. This can result in catastrophic loss of precision – a well-known phenomenon that can

20

In 1928 Courant, Friedrichs and Lewy (CFL) showed 
that numerical  solutions of hyperbolic PDE’s by simple 
finite difference  methods are subject to the constraint                         
.       

•

• High-order Eulerian time-Taylor methods are subject to 
a similar  CFL constraint, but for a very different reason 
related to rounding errors. For this, consider small-scale 
motion of amplitude      advected by a quasi-uniform                  
.       

� U

Fourier decompose and solve                  
.       

�k(t + �t) = �k(t) exp(�ik · U�t) = �k(t)
��

s=0

(�ik · U�t)s

s!

If the Courant number Co � kmaxUmax�t� 1•
there is a rounding noise problem because of cancellations

�t Umax/�x < 1



Lagrangian computations: time step determined by convergence radius

bound Rbound(0), is the multistep method, which essentially implements numerically the analytic
continuation explained in Section 2.1. We pick a time t1 such that 0 < t1 < Rbound(0) and start the
process all over at time t1 using the Eulerian field v(x, t1) as the initial velocity (or ω(x, t1) as the
initial vorticity). We then have, in the complex time plane, a new disk of guaranteed analyticity
centred at t1 with radius Rbound(t1), which may well extend on the real positive time axis beyond
the furthest point reached by the first disk of guaranteed analyticity. The process may be continued
(see Fig. 1) with analyticity disks centred at various times 0 < t1 < t2 < . . ., as long as the solution
remains in a space such as Cα or ASFS which guarantees that Rbound > 0.

The algorithm outlined above is illustrated by the flow chart in Fig. 2.

Initial Eulerian vorticity

Calculate Lagrangian
time-Taylor coefficients

at t = tn

Estimate radius
of convergence

and choose time step

Calculate Lagrangian
map tn → tn��

Calculate Lagrangian
vorticity at t = tn��

Transform to Eulerian
vorticity at t = tn��

Final
time

reached?

NO

YES

Figure 2: A flowchart of the CL
algorithm operation.

To finish this overview, we observe that our Cauchy–Lagrangian
method belongs to the family of semi-Lagrangian (SL) methods, of-
ten employed, e.g., in meteorology, engineering, mechanics and plasma
physics [5, 40]. An SL method solves an evolution equation along tra-
jectories of particles for one time step and then reverts back to the
static regular Eulerian grid, usually by interpolation. Unlike pure Eu-
lerian ones, SL methods are not subject to the CFL constraint [12];
consequently, their time steps are independent of the spatial resolu-
tion. For time-analytic Lagrangian fluid particle trajectories, the time
step must just be smaller than the radius of convergence of the time-
Taylor series, which is typically the inverse of the maximum velocity
gradient.

SL methods fall into two categories: upstream methods compute
the so-called departure points, i.e., the positions of Lagrangian par-
ticles which are advected onto the regular grid during the time step,
whereas for downstream SL methods the departure points of trajec-
tories are on the regular grid, and the arrival points are on the dis-
torted grid. The latter methods are simpler, because they do not
require solving auxiliary problems to find departure points [30]. In
this terminology, our CL method is downstream. Standard SL meth-
ods are typically of second-order accuracy in time; numerical schemes
of higher orders are not widely used, being too complicated. Indeed,
to advance by one time step, high-order SL method of the traditional
type would need information about the solution at many time levels;
this would require many additional interpolations. In contrast, in the
Cauchy–Lagrangian approach, the recurrence relations (7)-(8) allow us
to construct very high-order schemes requiring only one interpolation
per time step.

3.2. Spatial truncation errors and the choice of initial conditions

As we will see in Sections 4 and 5, our CL method is particularly
well adapted and efficient for problems where high accuracy is important. Thus we want to keep all
errors as (consistently) small as possible. This includes of course spatial truncation errors, stemming
from the use of a finite number of modes. Actually, this is much easier if we limit ourselves to initial
conditions that are analytic functions of the space variable. Then, the Eulerian solution remains
analytic in space for at least a finite time (all times in 2D) [3]. During that time interval, the spatial
Fourier transform of the solution falls off roughly as e−δ(t)k , where k is the wave number and δ(t) is
the radius of the tube of analyticity, the distance between the real spatial domain and the nearest
complex-space singularity for the complexified spatial variables. Hence, truncation errors fall off then
as e−δ(t)kmax , where kmax is the maximum wave number present in the numerical truncation; thus they
remain small as long as δ(t) is significantly larger than the spatial numerical mesh [41].

7

Figure 1: The successive disks of analyticity in the complex t plane.

3. Description of the Cauchy–Lagrangian algorithm

In Section 3.1 we show that the basic ideas of the Cauchy–Lagrangian (CL) algorithm are quite
simple, given our understanding of the analytical properties of the Lagrangian map, which were
recalled in Section 2.1. Then, in Sections 3.2–3.5 we successively examine the constraints on the initial
conditions (in connection with the spatial truncation errors), the temporal truncation errors, the
reversion from the Lagrangian to the Eulerian representations and the minimisation of computational
complexity.

3.1. Overview: CL as a high-order semi-Lagrangian method

Our purpose is to solve the Euler equation (2) with the initial condition v(x, 0) ≡ v(init)(x) or
ω(x, 0) ≡ ω(init)(x) in a time interval [0, T ]. In principle, we can just require that v(init) or ω(init) be
in a function space that guarantees finite-time analyticity of the Lagrangian map, such as (for the
vorticity) Cα or the space of absolutely summable Fourier series ASFS. For practical reasons, more
regularity is desirable (see Section 3.2).

The simplest case is when T is less than the radius of analyticity bound Rbound(0) of the time-
Taylor series of the Lagrangian map, starting at t = 0. We then use the time-Taylor expansion
of the displacement (6), together with the recurrence relations (7)–(8) to calculate as many Taylor
coefficients as needed (see Sections 3.3 and 3.5). Here we just observe that, for spatial periodicity
conditions, it is straightforward to calculate the Taylor coefficients using a pseudospectral method
with dealiasing. In 3D, we can then obtain the vorticity in Lagrangian variables at time T by applying
Cauchy’s vorticity formula [9]:

ωL(a, T ) = ω(init)(a) ·∇Lx(a, T ). (12)

(In 2D, this formula reduces to the constancy of the vorticity ωL(a, T ) = ω(init)(a).) Finally we can
revert to Eulerian coordinates by composing this Lagrangian vorticity with the inverse Lagrangian
map a(T ) : x #→ a(x, T ), which maps the fluid particle position x at time T to its initial position
a, to obtain

ω(x, T ) = ωL(a(x, T ), T ). (13)

Numerically, this is best done by interpolating from a Lagrangian to a Eulerian grid (see Section 3.4).
Finally, the Eulerian velocity at time T , if needed, can be obtained either from the Eulerian vorticity
at time T (by inverting the curl, e.g., applying Fourier methods, or by interpolating to a Eulerian grid
the time derivative of the Lagrangian map, obtained by time differentiation of the Taylor expansion
(6)).

Now, consider the case T ≥ Rbound(0) when convergence of the Taylor series is not guaranteed.
Lack of convergence does not imply loss of regularity at some real time t between 0 and T . It may
just be due to complex-time singularities whose moduli are less than T . Even if the Taylor series
still converges, the sum might be insufficiently smooth to allow starting a new Taylor expansion
(see end of Section 2.1). This is impossible in 2D with a Hölder-continuous initial vorticity, but
cannot be ruled out in 3D. The way to handle times T that are beyond the radius of analyticity
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Typically, the Lagrangian map is analytic   
but not entire in time: it has a finite radius 
of convergence,     (even in 2D). 
For any                   , one can construct a new 
time-Taylor series for a Lagrangian map, 
whose radius of convergence is          .
One can iterate this procedure and 
construct a sequence of increasing 
times                                                 
This can be continued as long as              
does not vanish.  
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0 < t < R

R(t)

0 < t1 < t < . . . < tm < . . .
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semi-Lagrangian



Switching from Eulerian to Lagrangian computations can 
result in speed up of several orders of magnitude

4. Testing the Cauchy–Lagrangian numerical method in two di-

mensions: Comparison with Eulerian simulations
s:testing

In Section
ss:flow-methods
4.1 we describe three Eulerian algorithms that were used for

comparison with the Cauchy–Lagrangian (CL) algorithm. Validation, with
emphasis on accuracy, is discussed in Section

ss:validation
4.2. Efficiency of the CL algo-

rithm is discussed in Section
ss:efficiency
4.3. In Section

ss:tygers
4.4 we discuss spatial truncation

artefacts. All computations presented in this section are in double precision.

4.1. Choice of flows and of numerical methodsss:flow-methods
For the reason explained in Section

ss:init
3.2, all our tests of the CL method

have been done using 2D flows with analytic initial data having non-trivial
dynamics in both Eulerian and Lagrangian coordinates. Two different flows,
called the target flows, were used as initial condition. First, there is a very
simple deterministic flow, here called the “4-mode” flow with the initial con-
dition

ω(init) = cos x+ cos y + 0.6 cos 2x+ 0.2 cos 3x (20) 4mode

Second, we have taken a particular realization of a random initial condition,
with 2π-periodicity in x1 and x2, here called “random” initial condition

takesh
[45],

used in Section II.C of
tyger
[37], where the time evolution of the latter flow is

presented in detail. The characterization of the random flow is best done in
the Fourier space consisting of couples of signed integers k ≡ (k1, k2). It is
here decomposed for convenience into shells corresponding to a K ≤ |k| <
K +1, where K is an integer. Each such shell has N(K) Fourier modes. For
k in the Kth shell, the Fourier coefficients !ωk of the initial vorticity are taken
all with the same modulus 2K7/2 exp(−K2/4)/N(K) and with phases that
are uniformly and independently distributed in the interval [0, 2π[, except
that opposite wave vectors are given opposite phases to preserve Hermitian
symmetry.

For solving the 2D Euler equation, we have used four different programs:
the CL algorithm with the Taylor series truncated to order S, described in
Section

s:CLalgorithm
3 (denoted CLS) and three algorithms using Eulerian coordinates,

namely the Runge-Kutta algorithms of order two and four (denoted RK2
and RK4, respectively) and the Eulerian time-Taylor expansion algorithm
truncated to order S (denoted ETS). The CL algorithms used here are CL8,
CL16 and CL24 with time steps, chosen as explained in Section

ss:optimal
3.5. The

accuracy in (
estet0
18) is set to ε = 10−12. Fig.

steps
4 shows the evolution of the time

steps for the target flows. In principle they are allowed to vary in time but,
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t = 0 t = 1 t = 2

t = 3 t = 4 t = 4.1

Figure 8: Isolines of the Laplacian of the vorticity (step 1 for t = 0; 2 for t = 1; 10 for
t = 2; 60 for t = 3; 500 for t = 4 and 4.1) at various times. CL code computations for the
4-mode initial condition. Resolution: 10242 harmonics. figisol

rough measure of the distance to complex-space singularities. So, here, we
have two competing types of singularities, with eventually the one furthest
from the real domain catching up with the one which was closer. Such a phe-
nomenon, naturally leads to interference patterns in the vorticity spectrum.
It it likely that this explains the rippling seen in Fig.

specs
6 at t = 4.

We now show that the results of the CL code agrees with those obtained
by traditional methods for both of the target flows within the time inter-
vals where spatial truncations effect are negligibly small. Table

tb5
2 shows the

vorticity discrepancies between various codes (maximum over space of the
difference of the vorticity calculated with two different codes) for the two
target flows at different spatial resolutions and different output times. We
also performed energy and enstrophy consrvation tests, which are shown in
Tables

tb3
3 and

tb4
4, respectively, to which we shall come back in Section

ss:tygers
4.4 about

spatial truncation effects. The main result is that the vorticity discrepancies
between the CL results and those obtained by the standard Eulerian RK4
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Figure 5: Radius δ(t) of the analyticity cylinder for the 4-mode initial condition (a) and
the random initial condition (b). CL method. Resolution: 81922 harmonics. fdel
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Figure 6: Spectra of the vorticity for the 4-mode initial condition at several times, as
labeled. CL method. Resolution: 81922 harmonics. specs

with the highest resolution feasible in reasonable CPU time, namely 81922

modes. (Had we used an Eulerian method, this would not have resulted
in a reasonable CPU time; see the discussion of compared efficiencies in
Section

ss:efficiency
4.3).

The measured δ(t) for the two target flows are shown in Fig.
fdel
5. Each point

on these graphs is obtained by processing the vorticity spectrum Eω(K) at
the corresponding time, using the fitting technique of

a:conver
Appendix B. Examples

of vorticity spectra are shown in Fig.
specs
6.

It is seen from Fig.
fdel
5 that, at the largest times shown for both flows, δ

is about 10−2. Since kmax = 8192/3 ≈ 2731, the resulting relative truncation
error is about e−δkmax ≈ 2−12. We also note that for the lowest resolution used
in our simulations, namely 10242, the 4-mode flow achieves comparably small
truncation errors only up to t = 2. If, however, we just request a level of
truncation error of about 10−4, which is not visually detectable on contours of
the vorticity and of its Laplacian, we can extend the computations to about
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Figure 5: Radius δ(t) of the analyticity cylinder for the 4-mode (a) and the random (b) initial condition. CL method.
Resolution: 81922 harmonics.
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Figure 6: Spectra of the vorticity for the 4-mode initial condition at several times, as labelled. CL method. Resolution:
81922 harmonics.

where !ωk are the spatial Fourier coefficients of the vorticity ω. The large-wave-number behaviour of
the vorticity spectrum is typically

Eω(K) ≈ CKαe−2δK . (24)

Here, the distance δ tells us how far away from the real domain the nearest complex singularities
are, while the exponent α contains information about the type of singularities [35]. As a consequence
of (24), the relative spatial truncation errors are typically estimated as e−δkmax , where kmax is the
maximum wave number after dealiasing, kmax = N/3, where N is the number of grid points per spatial
period. The numerical determination of δ from the vorticity spectrum is done by the same fitting
method as for the numerical determination of radii of convergence (see Appendix B). When using
the Cauchy–Lagrangian method, at each new time step, the Lagrangian and Eulerian descriptions
coincide and, as a consequence, the Lagrangian and Eulerian δ are very close.

4.2. Validation of the CL algorithm and accuracy of agreement

For each test flow (see Section 4.1), we have to determine up to what maximum time tfin we can
integrate the 2D Euler equation without encountering excessive loss of accuracy. This will of course
depend on the resolution and on how rapidly the Fourier coefficients fall off with the wave number k.
As explained at the end of Section 4.1, this fall-off is controlled by the radius of spatial analyticity,
measuring the distance δ(t) of the nearest complex-space singularities to the real-space domain. To
monitor δ(t), we have used the Cauchy–Lagrangian method to integrate the Euler equation with
the resolution of 81922 Fourier harmonics. (Had we used a Eulerian method, this would not have
resulted in a vastly larger CPU time; see the comparison of efficiencies in Section 4.3.) The measured
δ(t) for the two test flows are shown in Fig. 5. Each point on these graphs is obtained by processing
the vorticity spectrum Eω(K) at the corresponding time by the fitting technique of Appendix B.
Examples of vorticity spectra are shown in Fig. 6.
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Conclusions and Perspectives

•

•

•

•

Cauchy-Lagrange numerical methods, like other semi-Lagrangian 
methods, are meant to overcome the restriction of very small time 
steps, imposed by the CFL condition. 
Most semi-Lagrangian methods do not achieve high order in time 
and thus have limited accuracy, usually sufficient for, e.g., weather 
forecast.  

Thanks to the recursion relations that follow from Cauchy’s 1815 
Lagrangian formulation,  the Cauchy-Lagrange method can easily 
achieve very high accuracy through the use of high-order time-
Taylor expansions. This open new perspectives where accuracy is 
crucial, for example the study of finite-time blow-up in 3D.
In 2D, the Cauchy-Lagrange method appears to have a substantial 
edge over Eulerian spectral methods at high resolution. In 3D the 
situation is not yet clear: so far the 3D Cauchy-Lagrange tests are 
about a factor four slower than an Eulerian spectral RK4 method. 
This may be due to the cubic nonlinearity  of the “beast” and its 
double convolution structure.   


